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SUMMARY

The effects of the Coriolis force on the hydrostatic flow of a single lower layer over a two-dimensional
ridge are described. For short periods the flows resemble those of the non-rotating case, but after a few hours
(in the atmospheric context) effects of rotation become significant. For steady-state flow over ridges and
plateaux, critical conditions near the crest of the obstacle can control the flow in the same manner as for
conventional hydraulics. However, steady disturbances are only manifested a finite distance upstream. For
initial Froude number F, <1, upstream disturbances decay on the length scale (1 — F2)'2L, where L is the
Rossby deformation radius. For F, > 1, upstream bores (where they exist) become arrested at a finite distance
ahead of the barrier. When flow on the lee side is supercritical, steady lee-side disturbances consist of nonlinear
inertial oscillations. Obstacle shape is important in determining upstream and downstream flow. The results
are useful for understanding atmospheric flows over mesoscale ridges.

1. INTRODUCTION

The flow of a single layer of fluid beneath an infinitely deep homogeneous layer of
lower density is a useful model for describing a number of low-level stably stratified
atmospheric flow phenomena. While sophisticated numerical models are necessary for a
complete description of mesoscale phenomena, simple models are often more useful for
understanding the fundamental dynamics. The use of hydrostatic single-layer models to
describe low-level atmospheric disturbances was initiated by Tepper (1952, 1955), who
utilized the nonlinear hyperbolic equations to describe the generation and propagation
of pressure jump lines. These studies were limited to short-time integrations because of
the limited numerical capability of the time. Since then, single-layer (or more accurately,
one-and-a-half-layer) models have been employed to describe a range of mesoscale
meteorological phenomena associated with topographic effects such as coastally trapped
waves (e.g. Gill 1977) and hydraulic controls of flow over mountain ranges (e.g. Baines
1980). Many of these effects are hydraulic and nonlinear in character. Recently, the
evolution of non-hydrostatic phenomena such as the ‘morning glory’ have been studied
with more elaborate models which are capable of resolving gravity current structure and
the properties of undular bores (e.g. Crook and Miller 1985).

In this paper we consider the effects of rotation on the flow of a single layer over
topography, where the flow is hydrostatic and two-dimensional. Studies of the character
of flow over topography have ignored rotation (see Baines (1987) for a recent review),
or have been essentially linear (Queney 1948; Pierrehumbert 1984), or have assumed a
uniform density gradient (Pierrehumbert and Wyman 1985). For time scales of less than
a few hours the effects of rotation will be small, and conventional hydraulics will apply,
but for longer times rotational effects will become increasingly important and cause
substantial changes to the flow. It is well known that hydraulic jumps frequently occur
in one- and multi-layered models. The effects of rotaticn on hydraulic jump propagation
have been investigated numerically by Houghton (1969), and by Parrett and Cullen
(1984), the latter concentrating on numerical techniques for correctly resolving jumps.
Jumps produced by flow over topography in a rotating system result in some surprising
effects which do not seem to be well known, and these are the subject of this paper.
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The response of a geostrophically balanced flowing stream to the introduction of
topography may be regarded as a problem in geostrophic adjustment. Most studies of
the response of rotating systems to imposed disturbances (reviewed by Blumen 1972)
have involved linear sytems where flow is always subcritical. Whilst this is appropriate
for large-scale flows, it is not necessarily so for mesoscale flows, and this paper examines
adjustment in rotating systems where the fluid and wave speeds may be comparable.

We first consider situations where the obstacle is assumed to be much higher than
the layer depth, so that it may be approximated by a vertical barrier. For sufficiently
large times after the commencement of motion this model is not realistic because the
interface at the barrier continuously rises with time, and in order to obtain steady-state
solutions it is necessary to consider obstacles of finite height. In parallel with the non-
rotating situation, results may be expressed in terms of two dimensionless parameters: a
Froude number F, = u,/(g'd,)"?, where u, and d, are the initial undisturbed velocity and
thickness of the layer and g’ is reduced gravity. The Coriolis parameter f is important
for the length and time-scales of the solution, but otherwise its value has only a relatively
minor effect on the character of the solution, through the parameter A = a/L, where
L = (g'd,)"/f is the Rossby deformation radius and a is the obstacle half-width.

The plan of the paper is as follows. The model and equations are outlined in
section 2, and numerical schemes for integrating the time-dependent equations including
hydraulic jumps are described in section 3. Analytical and numerical solutions for a single
layer with the obstacle modelled as a vertical barrier are described in section 4, and
solutions for flow over obstacles of finite height are described in section 5. The conclusions
are summarized in section 6.

2. THE MODEL AND GOVERNING EQUATIONS

For our investigations we utilize the following idealized model. We consider an
atmosphere on an f plane, with a lower layer of constant potential temperature 6, and
a deep upper layer of constant potential temperature 6, + A0, where AG/6,<1. The
equations for hydrostatic adiabatic motion over a rigid surface are then (Tepper 1952)

Du/Dt + fixu = —gA6Vd/6, — (1/p)Vp, + (1/p)F 2.1

where u, p and d denote the velocity, density and thickness of the lower layer respectively,
£ is the Coriolis frequency, p, is an externally imposed pressure and F denotes frictional
forces. u is assumed to be independent of height z in the layer. The corresponding
continuity equation is

Dp

@1
8d/ot + V -(du) = — fo P 2.2)

With the equation of state for an ideal gas it may be shown that the last term in (2.2) is
O(g'd/2c?) relative to each of the other terms, where ¢, is the speed of sound and
g' = gA8/0,. Hence for values of d of 1km or less this last term is small, and may be
neglected. Equation (2.2) then becomes

ad/ot + V « (du) = 0. (2.3)
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If we make the assumption that u and d do not vary with y, the transverse coordinate,
when (2.1) is integrated through the depth of the lower layer we obtain

9 9, 9 dap, 2 a2\ a( au)
5 (du) + Py (du*) — fdv = gdax o o Cpu(u* + v%) +6x rd o
(2.4)
d d dap, 3 v
— — +fdu=———2- 24 21/2+—< d—)
o (dv) + o (duv) + fdu o oy Cpo(u® + v?) Py r Py

where now u and v denote the mean velocities in the lower layer in the x and y directions
respectively, Cp, is a drag coefficient for the lower boundary (z = 0), and I represents a
lateral turbulent eddy viscosity. Frictional stresses at the interface have been assumed to
be negligible.

We shall assume that the surface of the topography has the shape z = h(x), and that
the fluid velocity in the absence of topography has the constant speed U, in both layers.
The above equations may then be non-dimensionalized by taking U, as characteristic
velocity, d, (the undisturbed layer depth) as characteristic height and L = (g'd,)"/?/f, the
Rossby deformation radius, as characteristic horizontal length; the relevant time scale is
taken to be the inertial period. Hence we define the dimensionless variables by

D=d/d,, U=w/U,, T=ft, X=x/L, H=Hh/d,

2.5)
Y=Y/L7 P, =Po/{p(g’do)l/2Uo}

and Egs. (2.1), (2.3) in dimensionless form become, omitting the frictional terms and y
dependence, and including the topography,

gg FU&—V— L + H P, 1

aT  "° T 8eXx FoaX( ) ). ¢

1% oV P

— — =——2 2.
8T+F°U6X+U Y - (2.6)
oD 3

—+F DU)=0

o1 T Fopx (PU)

where F, is a Froude number defined by
A6 N\
F, = U0/<g0_do) s (27)

With this scaling these equations are characterized by the single dimensionless parameter
F,. If the topography has a maximum height &, we define H,, = h,,/d,, and these two
dimensionless parameters determine the main properties of the steady-state solution,
with the obstacle shape playing a secondary role.

In the absence of topography, P, is given by

U=1=-9P,/0Y, V=0=4P,/0X.
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With the same scaling, Egs. (2.4) in dimensionless form become

(DU)+F (DU2)
1 a(D+H) P, 1 0/.3
= OD__—aX —DaX CU|UI+R 6X(D£> - (2.8)
1 a/( oV
_(DV)+F TR, aX(DE-()J

where C = CpU,/fd,,, R, = g’dO/I‘ f=F; 1(U0L/F). C is therefore a (dimensionless) form
of the drag coefficient and R, is a form of Reynolds number. We have introduced two
sets of equations because the inviscid set (2.6) is the more appropriate for obtaining
steady-state solutions, whereas (2.8) are more appropriate for time-dependent numerical
treatment; the frictional terms may be helpful for the numerical scheme, but the precise
values of C and 1/R, are generally not important provided that they are small.

3. HYDRAULIC JUMPS AND NUMERICAL SCHEMES

Travelling forcing effects in a one-layer (or 1i-layer) system frequently result in
hydraulic jumps. These are finite amplitude disturbances in which the properties of the
fluid layer change abruptly from a velocity u, and a depth d, to a new velocity u4 and
depth dy4. They occur as a result of inherent nonlinear steepening properties of the
equations. For a non-rotating system, jump speed as a function of jump amplitude may
be obtained by assuming a moving steady-state structure, and employing the equations
of conservation of mass and momentum. The resulting jump speed Cj relative to the
upstream layer (i.e. taking u, = 0) is (e.g. Long 1970)

= (g'd,)? {2‘2 (1 " Zd>}1/2_

Such jumps are well known in non-rotating systems.
In geophysical rotating systems, the time taken for fluid to pass through such a jump
is generally very short compared with the rotation period. Consequently, we would
‘ expect that rotation would have a negligible effect on the character of a jump per se (i.e.
on its internal dynamics), although it would obviously affect the jump by changing the
environment through which it propagates. In this way, rotation may change the properties
of a jump as it propagates over a considerable distance and time.
‘ In order to study systems containing such jumps numerically it is customary to use

(3.1)

a scheme which can cope with jumps as a matter of course (i.e. intrinsically), rather than
employing jump conditions (Eq. (3.1)) to relate the flow on each side of an existing
jump. Numerical schemes must be chosen with care, as some centred differencing schemes
are notoriously prone to produce artificial oscillations in the presence of discontinuities,
unless unrealistically large frictional damping is employed, and the latter has its own
undesirable effects. For the calculations in this paper we have utilized a third-order
upwinding scheme devised by Leonard (1979). This scheme has been tested in a non-
rotating system; it produces monotonic jumps of constant shape which satisty Eq. (3.1)
very closely. A slightly simpler numerical scheme which produces jumps with (apparently)
some numerical oscillation but which also satisfy (3.1) has been described and tested by
Parrett and Cullen (1984).
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4, DISTURBANCES WITH THE RIDGE MODELLED AS A VERTICAL BARRIER

The initial effect of a steep ridge on a moving lower layer which is suddenly set into
motion may be modelled by treating the ridge as a vertical barrier. We imagine that the
fluid is impulsively set into motion by externally imposed pressures P (X, Y, T), which
act to accelerate the fluid rapidly to a uniform speed (unity, in dimensionless units) which
is in geostrophic balance. With this taken as the initial state, Eqs. (2.6) then become

Uy + F,UUy — V=—-Dy/F, (4.1)
DT+F0(D(J)X=O (43)
with boundary conditions
U=0 at X=0 4.9
and
U=D=1, Ur=V=0 at T=0 (4.5)

where the subscripts denote derivatives.

We may look for a solution of this system as a power series in F,, which will be
useful if F, is small (i.e. U,/(g'd,)"/> < 1). Writing

U=U1 +F0U2+F%U3+
(4.6)

V=V1+F0V2+..., D=1+FOD1+
and substituting into (4.3) gives

U+ U —(Uxx =1 4.7)

with the boundary and initial conditions (4.5). (U;, V3, D;) is therefore the linearized
solution to Eqgs. (4.1)-(4.3). This system may be solved by the Laplace transform
technique to give

- ()
U, = — .
1 |X|f0 O? +X2)1/2 dy (4.8)

where J; is a Bessel function in the usual notation. This result may be expressed in the
form

1, T<|X|

U1= * ]l(y)

(4.9
1-eX+ X -0
(TZ_XZ) 1/2 (yz i X2)1/2

dy, T>|X|

in the region X < 0. Inspection of this solution shows that at 7 = | X| we have U, = 0 for
all T, so that the principal feature of the solution is a wave propagating ahead of the
barrier at unit speed with a discontinuity in U;. After the passage of this wave this
solution for U, takes the form of a steady term which decays exponentially ahead of the
barrier, on the scale of the deformation radius, together with a decaying oscillatory term.
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At fixed X for T large, the integral term behaves like (cos T)/T*?, so that it represents
inertial oscillations which are decaying due to dispersion. From the above, corresponding
expressions for ¥, and D; may be obtained, and these have the form

(0, D,=0, T<|Xx|)
- yJo(y)
TeX + XT ———— dy, T>|X
Vi= A (- x2)12 (*+ X2 ™ X1
. r 4.10)
sin T (
TeX'i'O(FfT)’ T>|X]|
- 1
D, =Te*+0 i:g/? , T>|X|.J

These show that, apart from the decaying oscillations, there is a linear increase with time
in the depth and transverse geostrophic velocity of the fluid layer immediately upstream
of the barrier, on the scale of the deformation radius. This build-up implies that the
barrier model for the ridge is applicable only for a limited period of time, i.e. until the
layer becomes higher than the barrier.

If F, is not small, similar behaviour is obtained. Figure 1 shows the growth of U for
F,=0-64, and Fig. 2 shows the growth of the corresponding V field, obtained from

i 4Ohr %

B N 20hr /

0 [ 1 1 I 1 1 I 1 /(/
-1 -6 -5 -4 -3 -2 =1

X/L
Figure 1. u field upstream of a vertical barrier at X = 0, with motion commencing at 7' =0, as computed
using Egs. (2.8) with F, = 0-64, f=10"%"! (inertial period 17-45 hours), and Cp, = 0-005. The 40-hour curve
is close to the steady state.

Figure 2. v component for the same conditions as for Fig. 1; v grows progressively with time.



